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Abstract 

o 

■ For bicovariant differential calculi on quantum groups various notions on connections and 

metrics (bicovariant connections, invariant metrics, the compatibility of a connection with a 
metric, Levi-Civita connections) are introduced and studied. It is proved that for the bicovariant 
differential calculi on SLq{N), Oq{N) and Spq{N) from the classification in there exist 
unique Levi-Civita connections. 
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^ ! Introduction 



The seminal work of S. L. Woronowicz [ po| was the starting point to study non-commutative bico- 
variant differential calculi on quantum groups (Hopf algebras). Woronowicz has developed a general 
theory of such calculi which in many aspects can be considered as a non-commutative version of the 
classical Lie group theory. Bicovariant differential calculi on the quantum matrix groups SLq(N), 
Oq{N) and Spq{N) have been classified (under natural assumptions) in two recent papers |l^ and 
. An outcome of this classification is that except for finitely many values of q there are precisely 
^ ■ 2N such calculi on SLq{N) for iV > 3 and two on Oq{N) and Spq{N) for iV > 4. See Section | 

. for a brief review. It is clear that these calculi are basic tools of non-commutative geometry on the 

corresponding quantum groups. 

The aim of this paper is to define and to study invariant metrics and Levi-Civita connections 
for the bicovariant differential calculi on SLq{N), Oq{N) and Spq{N). The Killing metric of a 
compact Lie group and the Levi-Civita connection of a Riemannian manifold arc fundamental 
notions of (commutative) differential geometry, so it seems that extensions of these concepts to 
the bicovariant differential calculi are necessary steps toward the development of non-commutative 
differential geometry on quantum groups. It turns out that these generalizations are by no means 
straightforward and that phenomena occur which are absent in classical differential geometry. We 
briefly mention some of these new features. Firstly, no ad-invariant metric for these bicovariant 
differential calculi is symmetric in the usual sense if q is not a root of unity. However, the ad- 
invariant metrics are symmetric with respect to the corresponding braiding, see Corollary |2.5| below. 
In our opinion, this fits nicely into the concepts of the braided geometry, see p5| and the references 
therein. Secondly, ad-invariant metrics for SLq{N) resp. Oq{N), Spq{N) depend on two resp. 
three complex parameters. Roughly speaking, this stems from the fact that the dimension of these 
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bicovariant calculi is N'^ rather than the dimension of the corresponding Lie groups as in case of 
the classical differential calculus. Thirdly, if we generalize the notion of a Levi-Civita connection in 
obvious straightforward manner, then there exist many Levi-Civita connections for a given metric. 
For our bicovariant differential calculi they depend on a number of free complex parameters, see 
e. g. appendix 

The main purpose of this paper is to propose notions of compatibility of a connection and an 
ad-invariant metric (see formula (0) and Definition |3.3| below) and of a Levi-Civita connection (see 



Definition 3.5) which ensure that the important result in classical differential geometry of uniqueness 
of the Levi-Civita connection remains valid in the present setting. If the braiding map a is the flip 
operator of the tensor product as in case of the "ordinary" differential calculus on compact Lie 
groups, our definitions give just the corresponding classical concepts. 

This paper is organized as follows. In Section ^ we briefly recall the bicovariant differential calculi 
on SLq{N), Oq[N) and Spq{N) studied in and we collect some basic facts needed later. In 
Section ^ we define metrics and invariant metrics. The invariant metrics for these calculi and their 
restrictions to the invariant subspaces for the right coaction and the right adjoint action, respectively, 
are determined. For some of the calculi the quantum Lie algebra contains the corresponding classical 
Lie algebra as ad-invariant subspace when q ^ 1. In these cases the limits of the invariant metrics 
exist and their restrictions to these subspaces give multiples of the Killing forms. In Appendix ^ 
we show how a variant of the Rosso form of the quantized enveloping algebra lAq{sl{N)) gives an 
ad-invariant metric for SLq{N). Section]^ is concerned with connections. After reviewing some 
generally known definitions on connections (see e.g. Q) we define bicovariant connections, the 
compatibility of a connection with a metric and Levi-Civita connections and we discuss some of 
their properties. The main results of this paper (Theorems L2 and 5^) are stated and proved in 
Sections ^ and respectively. They assert that for each of the bicovariant differential calculi on 
SLq{N), Oq{N) and Spq{N) described in Section]^ there is precisely one Levi-Civita connection. 
Moreover, it is shown that these Levi-Civita connections admit limits when q ^ 1 in an appropriate 
way. In appendix ^ of this paper we show that if we define Levi-Civita connections by taking the 
"usual" compatibility with a metric, then the set of Levi-Civita connections for SLq{N) depends 
on three free parameters. 

Let us fix some notation and assumptions which are needed in the sequel. Throughout we use 
Sweedler's notation A(a) = a(i) €5 a(2) and the Einstein convention to sum over repeated indices. 
The antipode of a Hopf algebra is denoted by k and the counit by e. Let Mor(T;, w) the space of 
intertwiners of corepresentations v and w and let Mor(w) :— Mor{v,v). We use the definitions of 
the quantum groups SLq{N), Oq{N) and Spq{N) and their basic properties established in |^. Let 
u — (m*) denote the corresponding fundamental representation and let u'^ be the contragredient 
representation of u. In case where A is Oq{N) or Spq{N) let C = (C*) denote the matrix of the 
metric of A and B the inverse matrix of C. We abbreviate Q ^ q ~ q~^- 

Also we shall freely use the general theory of bicovariant differential calculi developed in ||2^ . The 
abbreviation FODC means a first order differential calculus. As noted above, our main intention is 
to study the bicovariant differential calculi T±,z (see Section |l]) which occured in the classification 
of ||l^, But the corresponding concepts and general facts apply to an arbitrary bicovariant 
differential calculus over a Hopf algebra. In order to avoid confusion, let us adopt the following 
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notations: f is always a general bicovariant FODC over a Hopf algebra A, is the Hopf dual of 
A, X is the quantum Lie algebra of F, {rji | i G 1} is a finite vector space basis of invT, {xi | « £ 1} 
is the corresponding dual basis of X and a is the braiding of F ®a T as defined by Proposition 3.1 
in 11]. 

In this paper we suppose that the deformation parameter q is not a root of unity and q 0. 
Then, roughly speaking, the representation theory of A is similar to the classical case |l7| . 
We shall need this assumption only in order to ensure that the decompositions of certain tensor 
product representations of u and u'^ can be labelled by Young tableaus similar to the classical case. 
The corresponding results are the Lemmas 2^, 2^, 4J and 5^. All other considerations are valid 
without this assumption. 



1 Review of some facts on bicovariant differential calculi on 
quantum groups SLq{N), Oq{N) and Spq{N) 

Firstly we repeat the construction of bicovariant differential calculi, see [|8| for some missing details 
of proofs in the following discussion. 

Let z he a. nonzero complex number. We assume that = q for A = SLq{N) and that z^ = 1 for 
A = Oq{N) and A = Spq{N). Let Lf = (if'j) denote the TV x TV matrix of hnear functional if] 
on A defined in Section 2, by taking the matrix z^^PR as R. By definition, we then have 

and /;}«J = zi?-i- . (1) 

Let A := q^' for A ^ SLq{N) and A {C{C~^f)\ for A = Oq{N), Spg{N), where C is the 
matrix given by the metric of Oq{N) and Spq{N), cf. Sect. 1. Then we have K^iuj) — DiUjDJ^ 
(no summation). 

There are 2iV bicovariant FODC T±^,_, z^ = q^ on SLq{N), N > i, and 2 bicovariant FODC 
F+ = F+.i and F_ = F_|_._i on Oq{N), Spq{N) and SLq{2). Except for the quantum group 
Oq{3), these FODC exhaust the bicovariant first order differential calculi which appeared in the 
classification of They are the objects of our study in the paper. 

In what follows we assume that F always denotes such a FODC T±^z- The FODC F^^^ on A is 
given by 

N 

da = ^ (Xij * a)iriij, a e A, 

where 

N 
ri=l 

and {rjij \i,j ~ 1, . . . , iV} is a basis of the space inv(r±.z) of left-invariant elements of F^.^. The 
right and left ^-module operations satisfy the equations rjija = {fmn * o,)Vmm a Cz A, and the right 
coaction of A on this basis is given by Ajj^{i]ij) = rj„in ® w™", — ,N, where 

f mn — ^ z' m^Q-f" j) y (3) 
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v^- = [u'^u)^^ = (4) 

The linear span X of the hnear functionals Xij^ hj — 1, ■ • • , -/V, equipped with the bracket [•, •] : 
X y. X ^ X defined in Section 5, is caUed the quantum Lie algebra of the bicovariant FODC 

There is a duality < •, • > between invT and X given by 



■iVi-.^Xs^j) ^^akbk (5) 



for all a/c, 6/j G C. This definition extends to a map < •, • >: A® invf x X ® B ^ A ®_4 B for linear 
subspaces A of T'^ resp. X ® A and linear subspaces B of T'^ by taking ak E A and bk £ B in (|5|) 
for kel. 

Let a denote the braiding map of F^^^ (>D_4 T±^z (see Proposition 3.1 in [^) and let cr^^f be the 
matrix coeflScients of cr with respect to the basis {riij^AVki} ofinv(r±^2 (E)a r±.z), i- e. cr{r]ij (gjrjki) = 

"ijkl 'Imn yy 'Irs- 

Lemma 1.1. a^kl" = DkD^^ K^^J^^R^^y^R^'^^k^^J^ , where the upper and lower signs refer to r+,z 
and T -,z, respectively. 

Proof : We carry out the proof for V+^z- From (||) we see that f% = 1+Ik{1^„') are the linear 
functionals of Theorem 2.1, for the FODC F+,z. @) yields = z-^Rf^Ryj and so 

SlSid^n - mn{n{ul)u'^)) = f%{K{ut)) f%{K\ul)) . From k\uI) = D^^D^^l we easily derive 
51615^^ = f%{n{ut))z-^D„Dl^R'^^,Rll so the latter yields f%{n{ut)) = zD^D-^ R-^l]R-^Tm- 
By the general theory (cf. formula (3.15) in and (|), we have cr™''" = /ri(("'')r"r) = 

/Jp(K(uJ^))/*^(it") from which the above formula follows. ■ 

Recall that the matrix R satisfies the Hecke relation [R — qI){R + q^^I) for ^ = SLq{N) and 
the cubic equation {R - qI){R + q-^I){R - eq'-^I) = for A = Oq{N), Spq{N), where e = 1 for 



A ~ Oq{N) and e = — 1 for ^ = Spq{N). From these equations and Lemma 1.1 it follows that 

(a-/)((7 + g-2/)((7 + g2/) = 

ioi A = SLq{N) and 

(a - I){a + g-'/)(<T + g'/)(<T - eq''-'+^I){a - eg^-^-iJ)(a + eg^-^-i/)(f7 + eg^-^+i/) = 
for^ = 0,(7V), Spq{N) (cf. g). 

The above formulas show that the set of for q > positive eigenvalues of u is {1} for SLq{N) and 
{l,g^,g-^} for Oq{N) and SpqiN). 

In the following we use the abbreviations p :— eq^~^ , s := 1 + Q^^(p — p^^) for Oq{N) and Spq{N) 
and s fo^, 5i,(A^). 

Let ujij := K(M^)du", i, j = 1, . . . , iV. In ||l^ and |l^ it is proved that if q is not a root of unity 
and apart from finitely many other values of q the set {uij | i, j = 1, . . . , N} is a basis of the vector 
space invP- Let {Xij \i,j = 1, . . . ,7V} be the corresponding dual basis of X with respect to the 
duality (|^). We call the sets {ujij} and {Xij} standard bases of invF and X, respectively. For this 
basis of invP the right coaction also fulfills Aii{u;ij) — ujki 'S' v^j (cf. (0)). 
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Let us briefly return to a general bicovariant FODC f over a Hopf algebra A such that diniinvf < oo. 
Then the quantum Lie algebra A" of F is contained in the Hopf dual and the bracket [■, •] of 
X can be written as [x,y] = a,dRy{x). Here ad^j denotes the right adjoint action of A^ given by 
ad_R/(f/) = n{f{i))gf(2) for /, 5 G A^ . Moreover, we have [x, /] a,djif{x) G X for all f & A° and 
X G X. A linear subspace y of X is called ad-invariant if [y, /] G 3^ for all y G y and / G -4". 

Next we are looking for ad- invariant subspaces of X. For this we need the following simple 

Lemma 1.2. Suppose that A = (Aj) G Moriy), i.e. A'^vl = viA^ for all i,k e I. Then 
imA — lin{j4j?7i |j G 1} is a IS. invariant subspace of i^v^ md imA* = lin{A*Xj | i G 1} is an 
ad-invariant subspace of X . 

Proof : Since A G Mor(?;), we have Aij(A^?7j) = A^r^fe vf = Afrik ® wj, so that Afl,(imA) C 
imA (g) A. From the general theory ||2^ we easily derive that [xi, f] — f{v\)xk for all / G AP . 
Therefore, we compute a.dRf{A\xk) = ^kf{vf)xi = f{vj)Ajxi- That is, adfl,/(imyl') C imA' for 
all f eA°. m 

For SLq{N) the projections Pq, Pi : invL -> invL defined by Polf, - ^q-^'5'^6ku Piii = SlSf - Pq^; 
belong to Mor(it'^ u). Hence the subspaces T'^ ~ imPo — lin{aj° :— Pq{u}ii) — Pon^^fei} and 
= imPi = \in{uj}j :— Pi(tjy) = Pifjw/t;} of invF are A^-invariant. The corresponding ad- 
invariant subspaces of X are 3^*^ = imPg = lin{y" := ^J2k-^kk} and y^ = imP| = lin{Kjj- := 
Pi^iXki = Xij — q^^^S^^Y^} respectively. Since {cjy} and {Xij} are dual bases, we also have 
da = * for all a & A. Because of Pq -I- Pi = id and PqPi = PiPo = 0, the latter leads 

to the formula 

N 

da = ^ (y^J * a)ul^ + s(r° * a)w°, a e A. 

Now we turn to the quantum groups Oq{N) and Spq{N). Then the projections Pq, P+, P_ : invF 
invL given by 

Po^i - -B^nC-^'Su, p4, = -^{<r'Sl5l+E')^B^C'l - [q-^ + p-')Po%\ 
it y I y 

P-'^i = ^TF'ii^l^i B^^^RZ^c^i + (p-i - q)p^,) 

belong to Mor(M'= u). Let denote Pi := P_, P2 := P+ for ©^(TV) and Pi := P+, P2 := P_ 
for Spg{N). Then, by Lemma the subspaces T", and of invL spanned by the sets 
{lo" := iP'^C^-«c.™„}, {lu}^ := PiK)N,j = 1, . . . , TV} and := PaK)^,^ = 1,... ,iV} 
respectively, are Aj^-invariant. Moreover, the subspaces y", y^ and of the quantum Lie algebra 
X generated by the sets {F" := ^Em^mm}, {Y,] Pi^-';Xfcn«,J = 1, . . . , iV} and {Y^j := 
P2kiXki \ i, j — I, . . . , A'^}, respectively, are ad-invariant. Similarly as in case of SLq{N), we obtain 
the following formula for the differentiation 

N N 

To investigate the classical limit of the structures appearing in this article we keep the basis 
{ujij \ ij = 1,... ,N} fixed. 
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Firstly let A — SLq{N). We always consider the classical limit in the sense that z ^ 1 and q ^ 1, 
where z is the A^-th root of q^. (This is not the only possibility, see [|lO|.) For simplicity we shall 
write limg^i for this classical limit. Then, as shown in jlO|, all functionals Xij, and have 
limits when g — > 1. It is easily seen that the 1-forms u'^ and Lojj and the projections Pq and Pi have 
limits as well for g ^ 1. We denote this limits by Y'^, Yjj, uj'^, Ujjj, P q and Pi, respectively. It was 
proved in jlO| that the functionals Yjj equipped with the limit of the bracket [•, •] are generators of 
the Lie algebra sl{N). 

Now let A ~ Oq{N) or ^ = Spq{N). As proved in for both calculi r+ and r_ all functionals 
Xij, Y^j and Y^j, i,j — 1, . . . ,N admit limits when q ^ I. Also, the 1-forms a;°, ivlj, ivfj and the 
projections Pk, k — 0,1,2 have limits as g ^ 1. We shall use the notations F° := lim^^i Y^, Y\j := 
limg_^i r^J, Yjj := lim^^i Y^^, P k ■= liniq^i Pfc, fc = 0, 1, 2, := lim^^i w", uj\j := lim^^i uj]j and 
ujfj lim^^i for i,j ^l,... ,N. For the FODC F = r+ the functionals Y]j, i,j = 1,... ,N 
equipped with the limit of the bracket [•, •] span the Lie algebras o{N) and sp{N), respectively. 

2 Metrics 

We begin with some definitions for a general bicovariant FODC F over a Hopf algebra A. 

Definition 2.1. A bilinear map g : F ®^ F — * ^ is called a metric on F if g is nondegenerate 
(i. e. C) = for all C £ f imphes ^ = 0, ^(C C) = for all ^ e f implies C = 0) and if 

g(aC ® C) a5(C C) for any a e A, <^ and C G f . (6) 
We call a metric g symmetric if ga = g. 

For the "ordinary" differential calculus on Lie groups the braiding map a is just the flip operator, so 
we obtain the usual notion of a symmetric metric in this case. From condition (^) in the preceding 
definition it follows easily that a metric g on F is already completely determined by the elements 

givi'^V]), hi e ^, of A. 

For any metric on F we have for all ^, C G F and a d A, 

(id ® e.g)(AL(a^ ® C)) = a(id ® eg)(AL(e 0), 

(7) 

{eg id)(Ai?(aC ® C)) = a{eg id)(Ai?(e ® C))- 
Definition 2.2. A metric g on f is called invariant if for all ^, C e f , 

(id®e5)(AL(e0C)) ^ffie^-C) and {eg <S) id){An{^ ® C)) ^ ® 0- (8) 

By (|^), the above definition is compatible with the left ^-module structure of F ®^ F. 

Using the representation theory of quantum groups we now show that the invariant metrics on F 
form a 2-parameter family for SLq{N) and a 3-parameter family for Oq{N) and Spq{N). 

Lemma 2.3. Let A — SLq{N) and let F be as in Section 0. A metric g on T is invariant if and 
only if with complex parameters a and (3 such that a 0, a + 5/3 

ff(??y <8) r]ki) = q^'aSaSjk + f36ijdki- 
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Proof : Suppose g is an invariant metric on T. From the first equation in it follows that 
g{£, C) = ® C) for ^, C G invT- From (Q) and the second equation in (|^) we conclude that g G 
Mor(M'^ 1). Since q is not a root of unity by assumption, the multiplicities of irreducible 

components in the decomposition of the tensor product representation ^u(S)u'^ are the same 
as in the classical case. Therefore, dim Mor(u'^ (g) u (g) u'^ (g) u, 1) = 2. Since q^^ u{^K{uj) = q^^Snr 
by 1^, the transformations T = {Ti^ki) and S = (Sijki) with Tijki q'^^SuSjk and Sijki := SijSki 
belong to Mor(M'^ (g) u ® u'^ (g) u, 1). Thus we get g{r]ij (^ijki) — q^-'aSuSjk + PSijSki for some complex 
numbers a and /3. This map is nondegenerate if and only if a ^ and a + 5(3 ^ 0. 
Conversely, it is easily seen that the above formula defines an invariant metric g onT. m 

Lemma 2.4. Let A — Oq{N) or A ~ Spq{N) and F denote one of the FODC from Section 
|l|. A metric g on F is invariant if and only if with complex parameters a, (3 and 7 such that 

a +P/3 + S7 ^ 0, a-qP^Q, a + q^'^f] ^ 

g{V^] » Vkl) - (iaBi4B23 + PB12B34R23 + lBi2B3^)C\C\)^jM- 



In Lemma 2.4 we used the following notation. Let C = (C|) be the matrix of the metric which 



occurs in the definition of Oq{N) resp. Spq{N) (see g) and let B = (_Bj) its inverse matrix. Set 
:= (C*j) = iC^') (= (C/)) and B* := (B'j) = {Bji) (= (B^)). Then the notation in Lemma |3 
is the usual leg numbering notation, i. e. the equation therein reads as 

g{m3 ® mi) = (aB„,jB,„ + pB„,rB,iR]l + 7B„yB„0C'rc*^ 



Proof of Lemma |2.4| : The proof is similar to the proof of Lemma The decomposition of the 

3. The conditions on the coefficients ensure 



tensor product gives now dim Mor(u'^ 
the nondegeneracy of the metric g. 



Some straightforward computations based on Lemma 1.1 and the particular form of the invariant 



metrics in Lemma |2.3| and |2.4| prove the following 
Corollary 2.5. Any invariant metric on F is symmetric. 

Let us consider again a general bicovariant FODC F over an arbitrary Hopf algebra A. 

Let 5 be a metric on F ®a P and let gij be the matrix coefficients of g, i. e. g{rii ® rjj) = gij with 
respect to a fixed basis {r/i} of invP- Recall that {xi} is the dual basis of {r]i}. We suppose that 
{uj I J G T} is a finite subset of A such that Xii'^j) — ^ij- 



i*V and V. n,j^g*^3 = 5{ for 

all i^j e X is called the dual metric of g. The metric g* is called ad-invariant if 



Definition 2.6. A map g* : X ® X ^ A such that g*{xi ® Xj) = 9*'^ and J2k d^^g* 



® [x",/(2)]) = ,/(l)3*(x' ® X") for aU x\x" eX,fe A° . 



(9) 



Note that the nondegeneracy of g corresponds to the nondegeneracy of g* . 
There is an interesting link between invariant and ad-invariant metrics given by 
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Proposition 2.7. If g is an invariant metric on T then the dual metric g* of g is ad- invariant. 
Conversely, let g* : X iS) X ^ C be an ad-invariant metric and suppose that A'^ separates the points 
of A. Then g is an invariant metric. 

Proof : In the proof we take the bases of invP and X described above. 

Let g be invariant. From the first equation in (^) it follows that g{rii (^rjj) — gij £ C for all i,j G X. 
Since g is nondegenerate, the dual metric g* is defined and is a map to C • 1. The second equation 
in (H) means that gijvlj^v^^ — g„in which yields — g*™" for the dual metric g* . Applying 

fmictionals / e to the last equation we get 5*(/(i)(wr)Xi®/(2)(^'")Xj) = /(l).g*(Xm«iXn)- Using 
[Xii /] = fi^Dxk for aU / e ^° the latter is equivalent to g*([Xm, /(i)]«)[Xn, /(2)]) = /(l)g*(Xm«)X«) 
for all m,n ^ X and all / G A'^ , i. e. the dual metric is ad-invariant. 

Suppose that g* : A" ® A" — > C is ad-invariant. Then the matrix elements of g are also complex num- 
bers. This implies the first equation in (H). Reversing the reasoning from the preceding paragraph, 
it follows from the ad-invariance of g* that fig*''^v'^v" - 5*™") = for all m,n G X and f G A°. 
Since A*^ separates the points of A, we obtain g*'^^v™v^ = g*mn j^^j. m,n E X from which the 
second equation in (|^) follows. This proves the invariance of g. u 

Next we specialize again to the bicovariant FODC F = F± ^ over A — SLq{N), Oq{N), Spq{N). 
We compute the dual metrics g* of the invariant metrics g from Lemmas 2.3 and and their 
restrictions to the ad-invariant subspaces of the quantum Lie algebra X. Let us say that two 
subspaces T and T' of invT are mutually orthogonal with respect to a metric g on invL if 
g{x (8) x') = g{x' x) = for all x G T, G T'. A similar notion is used for the dual metric g* on 
X. 

For SLq(N) we have (see Lemma 2.3) g{r]ij ® = q'^^aSnSj^ + f3SijSki and we get 

9*{Xrj ® Xki) = (q-'''a-'6u5jk - , ^ (10) 

\ OL\pL -\- 5p ) J 

for all i, j, k,l — 1, . . . , N. For Oq{N) and Spq{N) the dual metric of the metric in Lemma 2.4 is 



\X,l®Xkl) = 7 ^lb^'}-lo, (aCmlC,n-fiR-'i:C„^rC,l + 



for i,j,k,l^l,... , N. 

From equations (||) and (|l|) we get the transformation formula between the bases {Xij} and {xij}- 
Then we can express the generators of the ad-invariant subspaces in terms of the basis {Xij}- For 
the quantum group SLq{N) and the FODC F = F^^^ we obtain the formulas Y'^ = s~^ii'^\ Xkk 
and — v±]zPikiXki- For the quantum groups Oq{N) and Spq{N) and the calculus F = F±i we 
get y° = s"Vo±"^ Z^mXmm, Y^^ = lJ-i±^^PikiXki and Y^j = H2±^^P2kiXki- Here the constants 
are defined by ^+^z = s{z^^ — 1) + z^^q^^Q, /i__2 = s{z — 1) — zq^^^^^Q, v+^z = z^^q^^Q, 
v-,z = -zq~'^^~^Q, fio+ = [p - P^^)Q, A*o- = (p - p^'^)Q + 2s, ^i± = ±p{l + q^'^)Q and 
/.2± = ±(p-p-ig^)g. 

One easily verifies that 3^" and 3^^ are orthogonal subspaces of X with respect to the dual metric 
g*. The restrictions of g* to 3^° (g) y° and are given by 

1 1 / -2i-2k \ 
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for all i, j, k,l — 1, . . . , N. 

Then and are orthogonal subspaces of i^vT with respect to all invariant metrics g. If g has 



the form as in Lemma 2.3, then we have 

,2 



g{uj (g)UJ ) = , g{uj,j ® Wfci) = av±^^ Iq ■'SuSjk ~ -%4i I 

for all i, j, k,l = 1, . . . , N. 

The ad- invariant subspaces 3^°, and of the quantum Lie algebras X of Oq{N) and Spq{N) are 
mutually orthogonal with respect to 5*. The restrictions of g* to y ® 3^% i = 0, 1, 2 are described 
by the formulas 

g*(y«®r") = — 

M2± (P ^q" +pq ")a2 \ 5 
where we use the abbreviations := a +pl3 + s-f, ai :~ a — p^^q^ P, 02 := a + pq^^ p. Note that 
all denominators in the above formulas are non-zero, since the metric is nondegenerate and F is a 
FODC as in [0. 

The corresponding subspaces T°, and of invT are mutually orthogonal with respect to all 
invariant metrics g. If g is as in Lemma ^.41 , then we have 

g[LLl^ LO ) = , 



giu;^ ® cul) = (^pq-^ B^iB.r. - B^rBsiRY^ + f ^ i?,„,i3n^) C'TC 

r 2 „ 2 N M2±^Q;2 ( -I n u n in u b-rs P + P~^q^ p „ \ ^tm^t 

for all i, j, k,l — 1, . . . , N. 

Now we want to examine the classical limits. 



Let A = SLq{N) and let g be an invariant metric as described in Lemma 2.3. The complex 
numbers a and /? may of course depend on the parameters q and z. Let us assume that the 
functions a — a{q, z) and (3 = f3{q, z) are choosen such that the limits ci lim^^i Q^a{q, z) 
and Co := limg^i Q'^{a{q, z) + sf3{q, z)) exist and are non-zero. Then it follows immediately from 
the existence of the classical limits as discussed at the end of Section that the invariant metric 
g and its dual metric admit limits when q 1 and 2; — > 1. The restriction of the limit of g* 
to the linear functionals YIj, i.j — 1, . . . , A^, is just a complex multiple of the Killing form for 
sl{N). Similar results are valid for the quantum groups Oq{N) and Spq{N) and for the FODC r_|_ 
if we suppose that for the functionals — ak{q), k = 0,1,2 the limits cq := limg^i /io+^tto('?), 
ci :— linig^i /ii_|_^ai((7) and C2 := lim^^i /i2+^a2('?) exist and are non- vanishing. 
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3 Connections 



We begin with some general definitions (cf. which, of course, apply to any differential calculus 

= ®i^o ^" arbitrary algebra A. 

Let £ be a left ^-module. A left connection on £ is a linear map V : £ ^ T (g)_4 £ such that 

V(aC) daPotimesC + aV(C) for all a G ^ and C ^ £■ (H) 

Let r£ := ®^ £ be the "f -valued differential forms". A connection V on £ admits a unique 
extension to a linear map V : T£ — > T£ of degree one such that 

V(aC) = (da)C + (-l)"aV(C) for a £ f" and C £ f ^. 

The mapping i?(V) = : f ^ ®^ £ is called the curvature of the connection V. Clearly, 
i?(V) is Alinear, i. e. R{V){aC) = ai?(V)(C) for aeAandCe£. 

Similar concepts can be defined for a right ^-module £. A right connection on £ is then a linear 
map V : £ ^ £ ®a T satisfying V(Ca) = C da + V(C)a for a G ^ and ^ £. It extends uniquely 
to a linear map V : f ®^ f ^ -> £ (g)^ such that V(Ca) (-l)"CdQ: + V(C)q;, a G and 
C,^£®A f "■ The curvature of V is i?(V) := V"^ : £ £ ®a f ^ 

If V is a connection on a left ^-module f , then there is a connection V* on the right ^-module £* , 
called the dual connection of V, defined by 

<^,v*(C)>=d<^,C>-< V(0,C> foree^, Ce^^*. 

By a right (resp. left) connection on an ^-bimodule £ we mean a connection on £ when £ is 
considered as a right (resp. left) ^-module. 

We now specialize to the case of our main interest where f = F is considered as a left ^-module. 
Suppose that V : F — * F ®^ F is a (left) connection on F. Then the torsion T(V) is defined by 
T(V) = d — mV, where m : F ®^ F — *■ F^ denotes the multiplication map, i. e. m(^ (3 C) = ^ A C for 
G f. The torsion T(V) is Alinear, since T(V)(a^) = d(aC) -mV(a^) ^ da + ad£, - da ^i - 
amV(0 = ar(V)(0 for a G yt, ^ G f by the Leibniz rule and (|lj). 

Definition 3.1. The connection V is called bicovariant if 

ALV = (id®V)AL and A^V = (V ® id)Afl. (12) 

A simple computation shows that the set of all bicovariant connections on F forms a complex affine 
space BC(f). 

Let F^ = r"be a bicovariant differential calculus over a Hopf algebra A. Let {rji | i G X} be 

a basis in invf , Afl(?7i) = rij ® vf, and let -D(V)^'^ denote arbitrary elements of A. Then the map 
V : invf f ®^ f , defined by V(?7i) — Diyy^rjj ® rjk extends uniquely to a connection on f and 
any connection on F is of this form. 

Lemma 3.2. Let v denote the corepresentation of A defined by Aj^ on invF. The connection V on 
F is bicovariant if and only if D{V)l ~ G C for all i,j, k and 
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Proof : Let V be a bicovariant connection on f and V(?7i) = D{V)j''rij (g) rjk, D{V)j'' £ A. 
Because of the first formula of @ we have A(D(V)f ) = 1 D{\/)f and so -D(V)f £ C • 1. 
The second equation of (|l|) tells us that (V (g) id)AB.{r]i) = Vj ?7fe 8) D{Vy^vf = AflV(r/0 = 
®r]k®{v® vyJlD{\7f^y, i. e. D{V)i ^ {v (g> d)D{\7). 

Let now D{V)l'' G C and D{V) E Mor(z;,i; ® -D). Then the above equations written in reversed 
order show that is true for the connection V defined by V{r]i) — DiVy^rjj ® r/k- m 



Now let g be an invariant metric on F, cf. Definition 2.2. Let us introduce some new concepts. 
Definition 3.3. We say that the connection V on F is compatible v^rith the metric g if 

(id ® 5)(V(0 «) C) + (5 «> id)(id a){^ ® V(C)) - d.9(^ ® C) = for any ^ e f, C e invf ■ 



Lemma 3.4. Let g denote an invariant metric. Then a connection V on F is compatible with g if 
and only if 

(irf® 5)(V(?7i) ® T]j) + {g® id){r]i (g) aV{r]j)) = for all i,j £ I. (13) 



Proof ; In both directions we use only that the metric g is left-invariant, i. e. the first equation in 
(^ is fulfilled. This is equivalent to gij = g{rji ® rjj) e C. 



Suppose V is compatible with g. Because of the first formula in (|^) and Definition 3.3 equation 
( |l3| ) is valid. Let us now assume equation ([l^) is fulfilled and introduce arbitrary elements ^ CE5 C = 
o-ijTji ® ?7 j G F ®^ F, Gij £ A. Then the assertion follows from the computation 

(id (g) g){\/ {oi^rji) <E) Vj) + id id) (a^r/j ® cfV{rij)) - dg{aijri^ ® r]j) = 
= (id g){{daij ®ri^ + Oi^Vrji) ® rjj) + aij{g id)(r/i aVrij) - 
-{d{aij)g{rit ® rij) + aijdg{rii ® r]j)) = 

= aij{{id ® g){Vi]i (g) ijj) + (5 id)(77i o-VtJj)) - aydg(??i Tjj) 

and the assumption gij G C. ■ 

Definition 3.5. Let g be an invariant metric. A bicovariant connection V on F is called a Levi- 
Civita connection (with respect to the metric g) if V is compatible with g and has vanishing 
torsion T(V). 

Recall that any basis of the vector space invf is a free left ^-module basis of F. Therefore, any 
connection on F, its curvature and its torsion are uniquely determined by its values on such a basis. 

Now we consider the pairing between F and ^ as a right ^-module (see formula (H)). Since for 
a connection V on F there is a dual connection V* on <Y0^, it is natural to ask what the conditions 
in Definition 3^ mean in terms of V*. For this we assume that F^ = (F 0^ F) / ker((T — id). 



Suppose that V is a connection on f and let V* be its dual connection. For arbitrary ^,(^ E X 
we define V|(C) =< V*(C),^ > and mean the pairing between A" f and X (cf. (||)). For the 
basis elements rji of i„vf we write V{iii) — T'^^-qj 'qk with F^*^ G A. Recall that by Lemma 3.2, 
we have T-'^ G C for all /c G I. Then the pairing gives V*. (xj) = —^^Ixk for the elements of 
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the dual basis. Let 77 denote the left- and right-invariant element of T used in the definition of the 
differentiation, i. e. da = rja — arj for a d A. Recall that the torsion is ^-linear. Therefore, because 
of drji = 7] A rji + rji A J], the torsion of V is vanishing if and only if drji =^ mV(r/i) or equivalently 

(id — (t)(?7 ®r]i+i]i®i] — V(r/i)) — for all i G 1. 

Using the notation above the latter is equivalent to the equation 

V*,(X,) - ^I'l'^lM) = ix^,X^ for aU z,j G I. 



Suppose that g is an invariant metric. By dualizing the condition in Lemma B.4, it follows that V 
is compatible with the metric g if and only if 

9*{X^ ® V*^ ixk)) + 9*{^rLnKMn) ® Xfc) = for all kel. 

The above equations show that our concepts are analogous to the corresponding notions in classical 
differential geometry. 



4 Levi-Civita connections on SLq{N) 

In this section we examine the differential calculi ^±,z for ^4 = SLq{N). After a short lemma we 
will prove our main results. 

Lemma 4.1. We have dim BC(r) = 5 for N = 2 and dim BC(r) = 6forN>3. 

Proof : Since q is not a root of unity, decompositions of tensor product representations of ^ = 
SLq{N) can be labelled by Young tableaus as in the classical case. Therefore, we obtain u'^ ® u = 
[0] © [2, 1^-2] and u'^ (g) w (g) ■u'^ (g) u = 2[0] ® fc[2, 1^-^]© other terms with = 3 for TV = 2 and fc = 4 
for > 3. Then by the general representation theory we conclude that dim Mor(w, v ^v) — 5 for 



N — 2 and dim Mor(i', v^v) — 6 for N > 3. By Lemma 3.2, a connection V on T±^z is bicovariant 
if and only if -D(V) G Mor(w, v ®v), where v — u"^ ®u. Thus the assertion of the lemma follows. ■ 

Let — ^ differential calculus over A which contains T±^z as its first order differential 

calculus r. As in ||2^ we suppose that = (F ©^ r)/ker((T — id). Then we have the following 

Theorem 4.2. For any invariant metric g onT there exists precisely one Levi-Civita connection 
V. If g{r]ij (g rjki) — q^^aSiiSjk + PSijSu with a, (3 G C, a ^ 0, a + s/3 ^ then for F+.z this 
Levi-Civita connection is given by 

-QVij ®ri-Qri® rjij + %Q(1 + aa^^ I3)q~'^''riab g> Vba - 
-S^Jiq^'^+^Q^ + Qa-'P)r)^7^) 



and for F_,2 by 



+%(2g + Qsa-i/3)g-"'^77,6 g) rjta + ^^jlg'^^+'Q' - Qa"^)?? ® ??). 
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Proof : By Lemma 2.3, any invariant metric g is of the form girjij (E> rj^i) = q'^^aSnSjk + PSijS^i 



with a, /3 e C, a ^ 0, a + s/3 7^ 0. From the proof of Lemma 4.1 we know that a connection V on 



r is bicovariant if and only if there are complex numbers Ai, . . . , Ag such that 

6 

Vfej) = ^n{An)^^'%ab ® Vcd, (14) 



n=l 



where {Ai, . . . , ^g} generates the vector space Mor(w, v (8) v). For our calculi we have v — u'^ (iSi u. 
By explicit decompositions of the tensor product representations u'^ (g) u and u"^ (g) u (E) u"^ <S> u it 
can be shown that the following 6 morphisms Ai, ... ,A(i {Ak = {Akf-"''^)) span the vector space 
Mor(M'^ (g) u, -u'^ ® M (E" m'^ ® u): 

Ai = q-'^''-^''5ij5''^5'"^ A2 = q-^''SijS'"^S'"= A3 = 5fS''q-^'=S'='^ 



For our differential calculus we have drjij = rj A rjij + rjij A 77. Since F^ = (F (E)a F)/ ker(cr — id), the 
torsion of V vanishes if and only if we have 

6 

{a - id)(?7 (g) ?7y + «> ?7 - ^ Afcy4fe™"''^77™„ (g) rjrs) = 

fe=i 

in the tensor product F ®_4 F. Comparing the coefRcients of basis elements the latter is equivalent 
to the equations 

, , A5 (g" + i)A6 , ^ 

A3-A, = l--^ + ^ forF_,. (16) 



Using Lemma 3.4 it follows that V satisfies the compatibility condition with the metric g if and 



(17) 



only if the following equations are fulfilled: 

A4 + Q\& = 0, A5 + g^Ue ^ 0, a\2 + {a + s/3)A3 = 0, 
(a + s/3)Ai + /3A2 + (3Xi + q^^QiP + qQa)\Q = 

for F+^2 and 

A4 - 0, A5 + g-'^-^e = 0, 

(a + s/3)Ai + /3A2 + [q^^+^Q'^a + q^^Qf3)Xe = 0, (1^) 

aX2 + {a + s/3)A3 + {-q^^+^Qa + /3)A5 + {Qa + q-^f3)Xe = 

for F_.2. Some straightforward computations show that the equations ( p^ ) and (^^ resp. ( p^ ) and 
( |l8| ) have unique solutions A,; for F+_z resp. F__^. Inserting these solutions into (^ we obtain the 
formulas given in the theorem. 
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It is not difficult to check that the connection defined by the above formulas fulfills all conditions 
for a Levi-Civita connection. ■ 



Let us look closer at the Levi-Civita connection on F = r+ 2. Using Theorem 4.2 for the left 



and right invariant element rj G inv r we compute V(77) + Vab ® Vba ~ V ® v)- 

Transforming the basis we obtain 

5 Za 

Moreover, V(77,j - 5,j5-^rf} ^ " q'^^IS'^'Sj ~ QS''''dfd'^ + 

Qs~^q^^"'^^'^5ij6"-''6'''^)i]ab ^ Vcd- Transforming the basis once again we get 

^ f .,„„2n — 2a — 2d f>bn dp jjim 1 ^,,1 

= -^[Zqq ^am-K cn^jp ^ ab ® ^ cd " 

-zui - qV;'.(4- ® ^" + ^" 4))- (20) 

What happens with the Levi-Civita connection in the classical limit? As explained in Section |l|, we 
consider the classical limit in the sense that z 1 and q ^ \. Retaining the notation introduced 
in Sections |l| and formulas ( [l9| ) and (|2^) show that the limit of the Levi-Civita connection exists 
and takes the form 

V^'(^°) - lim V(c.O) = ^J^^-^^l, ^ UjI, (21) 

5 Levi-Civita connections on Oq{N) and Spq{N) 

Now we turn to the differential calculi r+ and r_ on the quantum groups Oq{N) and Spq(N). We 
begin with 

Lemma 5.1. We have dim BC(r±) = 14 for Spqii) and dim BC(r±) = 15 for Oq{N), N >3 
and Spg{N), N > A. 



(22) 



Proof : The proof is similar to the proof of Lemma 4.1. In the present cases A — Oq{N) and A — 
Spq{N) we obtain the decompositions of the tensor product representations u'^(E)u — [0] © [2] [1 , 1] , 
w'' (g) M (g) u'^ u = 3[0] © 6[2] © fc[l, l]e other terms, where fc = 5 for Spq{A) and /c = 6 for Oq{N), 
> 3 and SpqiN), A > 4. ■ 

Let — ® ^ differential calculus over A such that F = F^ = T±. In contrast to the 
SLq{N) case we assume that F^ = (F(g)xr)//C, where /C = ker(CT-id)eker(cr-(7^id)®ker(CT-g"^id) 
(see the last remarks in Section |^) . Such an assumption for the higher order calculus has already 
been used in 

In case of the "ordinary" classical differential calculus the 2-forms are the quotient of the tensor 
product of 1-forms by the eigenspace of the flip operator with eigenvalue 1. Since the eigenvalues 
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and q^^ of the braiding map a tend to 1 when g — > 1, the assumption = (F (g)^ F) //C means 
that the higher order calculus F^ is some sense nearer to the corresponding construction in the 
classical case. Moreover, this assumption is essential in order to prove the following 

Theorem 5.2. Suppose that g is an invariant metric. There is exactly one Levi-Civita connection 
on F with respect to g. 



Proof : The proof is similar to that of Theorem 4.2. In Lemma p.4| we proved that all invariant 
metrics have the form g{r]ij rjki) = {aBiiB23C\Cl + l3Bi2B'iiR2zC\C\ + -fBi2B'iiC\C\)ijM 
with a + pP + S7 ^ 0, a ^ ql3, a ^ By Lemma 5T, the dimension of the vector space 

Mor(M'^ (S^ u, u'^ u u"^ u) is at most 15. A closer investigation of the proof of Lemma 5.1 shows 
that the following 15 morphisms Ak = (^fe™"*^*) generate the vector space. (In case N > 5 they 
form a basis of this space.) 

Ai — B\B\Ci2C34,Bi2C\, A2 — B\BlR23Ci2C3iBi2C\, A3 — B\B^C23CuBi2C\, 

A4 = B^Csi, Ac, = B\BlRi2C3iC\, Aq — B\Ci2, 

A7 = B\B^^Ci2R34:C\, As = B^^C23, Aq = B\B^^C 23 Ri4:C\, 

Aio — -B1-B3.R12C23C* , All ~ B\B^Ri2C23Ri4C\, A12 — B\R2^C34, 

Al3 = B\BlR23 C34Ri2C\, Ai4 = B\B^Ri2R23C34C\, Ai5 = B\B\Ri2R23C3aRi2C\- 



Therefore, by Lemma 3.2, we can make the following ansatz for our Levi-Civita connection V: 



15 

) = XI •^fc^felj"''^^ ® Vrs, Afe e 
fe=i 



The condition for the vanishing torsion takes the form 
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(cr - id)(cr - g^id)(cr - g-^id)(?7 ® 77^ + r],j ^fe^fc^^W ® Vrs) = 0. 



This leads to the equations 



A4 = A6-(3Ai5, A5 = A7-(3Ai4, As ^pQAe +pAi5 -pQ, Xg ^ pQX-i + pXu, 

1 

p^ + q' 

Ai3 = -Q^i + q''p-^\i2 - g'^QAis + , , ^ (pQAe + Q Xj + pQX^ + p'Q Xir, - pQ). 



An-g-^Aio = Q(g-^pA6+g'^(-g'V+l)A7+Ai5-g'^p- . ^ {pX^+Xj+pXu+p'Xi^-p)), 



By Lemma 3.4, the connection is compatible with the metric if and only if the following equations 
are satisfied: 

Ae/J + X^a = 0, 

A6(a - QP) + A7/3 = 0, 

Ai(a+p/3 + S7) + A2p"i7 + A3((3/3 + 7) = 0, 

Aza + A3/3 + A5(a + p/3 + 57) + Xq{QI3 + 7) + A107 + Xi3p-^i + M4P{QP + 7) = 0, 

A2/3 + A3(a - QI3) + Xiia + p/3 + 57) + Xs{QP + 7) + A117 + Aiap^^ + Xi5p{QP + 7) = 0, 

A8(a - QP) + Xiipfi + Xi2(3 + Xi5p{a - Q/S) = 0, 

XsP + XiopP + Xi2a + Xiip{a - QP) = 0, 

A9(a - Qf3) + Xiipa + A13/3 + XispP = 0, 

Xgf3 + Xiopa + Xi3a + Ai4p/3 = 0. 
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Set p — {q^ + 1) ^Q!j^ ^{p — P '^q'^^). Some computations show that the above system of equations 
admits a unique sohition 



(23) 



2A4 - -Q2(i + p/3), 2A5 = -Q^pa, Ae = A7 = 0, 

2Xs=pQi-l+pl3), 2Xg =pQpa, 2Aio = Q(l - p/3), 

2An = -Qp(a - Q/3), 2Ai2 = -pQp(a - Qf3), 2Xu = -pQ{l + p(i), 

2Ai4 = Qpa, 2Ai5 = Q(l+p/3), 

A3 = t; ^^7, A2 = + -;rPaQ-Qpp{Qp + ^), 

Ai = — p p-i 

2 \ aiQ;2 

From the preceding considerations it is clear that the corresponding connection V is indeed a Levi- 
Civita connection for g. ■ 

In order to examine the classical limit, we have to rewrite the Levi-Civita connection from Theorem 



5.2 in terms of the standard basis. Using the projections Pq, P\ and P2 defined in Section g some 



straightforward computations yield the formulas 

V(77) = ^(pq-^ ^p-\^){p\-^ -p-\^)B'-^C^'^P^r^,,®P^^,^+ 

Qao ( QS ^ N\i^ „N -2\ \ nta r<md 



a2 



^{PiVi]) = iv "Xi PiVij + PiVtj ® V) 



ppai{l + q^'^)PujPirikm (8) P2Vmi + pai(p"^g^ - p)Pi^jP2??fem ® P2V 



ii 



'ml 



, Qipq-^'+p-'q'') f q~''~q'' (g^ - 1)(1 V)pa2 - Qs „ ^ 

-(g^ +p2g-2JV)P2^'Pi,7fo„ ® ^2?/™; + (1 - q'')P2--P2Vkm ® ^2??™; + 
+ppa2(l + q'^)P2ijPnikm ® ^'l»7mZ + Pa2{p - P'^q^)P2fjP2Vkm ® PlVml) ■ 



From these formulas it follows that the classical limits of the Levi-Civita connections V for both 
calculi r+ and r_ exist. For the subspaces of 1-forms of r+ which corresponds to the classical 
differential calculus (see we obtain 

V^'(^i^.) = Inn V(u;l^) = ^ ^l, + ^1, ® ^ P U'^lm ® ^L" 



1 

N -At 
' N -2e 



^'u^'|(^L 'X't^^; +t^L +t^L 
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A The Rosso form of W5(s/(iV)) 

In Section ^ we defined invariant metrics and we have seen that such metrics are not uniquely 
determined. On the other hand, Rosso showed in that there is a unique ad-invariant bihnear 
form for the quantum universal enveloping algebra Uq{Q) for a simple Lie algebra q. In this appendix 
we define such a form adapted to the preceding considerations and we compute the corresponding 
ad-invariant metric on the quantum Lie algebra X of the FODC r_|_.2. 

Let q be a complex number, q ^ 0, ^ \ for all fc £ N and let (ay) be the Cartan-matrix 
for sl{N). Let {Uq{sl{N)), A, K,e) be the Hopf algebra over C generated by the set of elements 
{E,, F„ K„ K-\K„ Kn, K-\kjj^ | i = 1, . . . , iV - 1} with relations 

K„rKn = KnKnr, KuK'^ = Kn'^n = 1, Kr^K,+ i = Kf , 

E,F, ~ g-"^- F,E, = % ^—^ , (24) 



q 

1 — aij 

{-l)''b^a.,,kE^E,El-''^^-' = (* ^ j), 

k=0 



-^l — ai^—k 

k=0 

and coproduct A, antipode n, counit e defined by 



A{E,) ^E,®K, + l® E„ A{F,) = F,®K, + 1®F,, 



(25) 



KiE,)^-q^Kr^E,, K{Fi)^~F,Kr\ k{K,) ^ K~\ K{Kn) = R-', 
e{Ei) = e{F,) = 0, e{Ki) - e{k,,) - 1 
for all i, J = 1, . . . , iV — 1 and all m, 7i = 1, . . . ,N. The constants in ( p^ ) are &o,o = ^o.i = ^i,o = 
6i_2 — 1, ^1,1 = 9 + 9^^- A realization of the Hopf algebra Uq{sl{N)) in terms of the L-fmictionals 
is obtained by setting 

E., = Q-H-ll+l^„ F,^-q-'Q-H-l^H+lli, K, ^ ni+lll, k.,^(l+if. (26) 

This Hopf algebra is Z^^^-graduated with grading d given by dEi := a^, dFi — —ai, dKi = 0, 
dKi — 0. Let < •, • > denote the symmetric bilinear form such that < a^, aj >= a^j. 

It is well-known that all elements of lAq{sl{N)) can be written as finite linear combinations of terms 
of the form FKE, where F and E are finite products of elements Fi and Ei, respectively, and K is 
a product of the generators Ki, K~^, Ki and K^^. 
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Let us recall that a map (•, •) : B x B ^ C ior a. Hopf algebra B is called ad- invariant if 

(adiiC(i)(Ci),adfl,e(2)(C2)) = £(C)(Ci,C2) for e,Ci,C2 £ (27) 

Then one can prove the following proposition which is essentially Rosso's result adapted to the 
present setting. Note that in the algebra lAq{sl{N)) is different from ours and the left adjoint 
action is used. 

Proposition A.l. There is a unique ad-invariant bilinear map (•, •) : Uq{sl{N)) xUq{sl{N)) C 
such that {FKE,F'K'E') = (F, E'){K, K'){E, F'), {K,K') ^ {K',K), {KK',K") = 
iK,K"){K',K"), {K,,K,) = g-"«./2, {K,,K,) = and {K^.K,) = g-^^,, . 

Proof : The proof is similar to that of Theorem 6 in We omit the details. Howeover, we want 
to stress that we deal with another adjoint action and with different commutation relations of the 
generators of Wq(sZ(iV)). ■ 

In what follows we use the abbreviations := Ei^ '■— Fi^ -^'i.j+i -Ei+ij+i-Ei — 

q^^EiEi+i^.i+1, F^Fj+i.i+i - q^^Fj+i^^+iF.^ for i < j. Using and Proposition [AT] 

the bilinear form (•, •) for these elements oiUq{sl{N)) can be computed. The result is given by the 
formulas 

{E„Fj) = -q-^Q-H,j, iE,,,Fki) = -q^'-^'+'Q-'6a6,k, 
{F„Ej) = -qQ-H,j, {F,j,Eki) = -qQ-'SuSjk- 



From equations (y) and (|26|) the generators Xij of the quantum Lie algebra X of the FODC F+^z 
can be expressed in terms of the elements Eij , Fji , Ki and Ki : 

Xij = q^^QFj^K, + q-^Q^ ^ F^rKrE„, {i < j) 
Xij = q-^QKjEji + q-^Q^J2^jrKrE„, {i > j) 

r<j 

i-1 

X^^ = q-^K^-q-^QY,1^'"'^"K„, + q-^Q^J2^^^^^^^^~ 

m—1 n<i 
i — 1 m—1 

m—1 n— 1 

Combining both sets of the preceding formulas it follows that the bilinear form in Proposition |A.1| 
takes the following form on the generators Xij of the quantum Lie algebra: 

{x^3,Xkl) = -q-^'-'QSaSjk + q-^'-^'Q^S,,6ki. (28) 
This is precisely the dual metric g* described by formula ( p^ for the parameter values a = —qQ^^, 



B Another way to Levi-Civita connections 



The results in Theorem 4.2 and 5.2 indicate that the concepts defined above are useful. Nevertheless, 



there are various other possibilities to define a metric and the compatibility of a metric with a 
connection. Here we pick out one of these possibilities which is similar to the classical case. 
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Let r denote one of the first order differential calculi r±^^ of SLq{N) defined in Section ^ Suppose 
that q is real. Then F is a ^-calculus for the Hopf-*-algebra A = SUq{N). The involutions of A 
and of r are given by (uj)* — k(uI) and rjij* — —rjji, respectively. 

We call a map g -.T xT ^ A a. metric if 

giatbC)^ag{^X)b* for all a, 6 G A ^-CeT. 
We say a (left) connection V on F is compatible with the metric g if 

5(V(0, C) + V(C)) = dgit for aU C e F. 
This is well defined because of 

5(V(aC), 60 + g(aC, V(&C)) - dg{a^, bQ = d(a)5(C, C)&* + ag{V{0, C)b* + ag(?, C)d(6*) + 

«<7(e, V(C))6* - d(a)g(e, C)b* - adg{^, Ob* - agi^, C)d(6*) = a (g(V(e), C) + gi^, V(C)) - d.g(e, C)) b*. 

A bicovariant left connection V is called Levi-Civita connection in respect to the metric if V has 
vanishing torsion and if it is compatible with the metric g. As above, such a Levi-Civita connection 
is uniquely determined by its values on the generators rjij G invL. 



Let g' be a metric from Lemma 2^ with a,/3 G R and let g defined by g(C,C) = ® C*) with 
^ G F, C G invL. Then we have girjij^riki) — q^^aSikSji + pSijSu, a 7^ 0, a + S/3 ^ 0. Let us assume 
that V{riij) = ^kAkij^^'^rimn "Xi r/rs as in the proof of Theorem L2. In order to simplify the 

calculation, let Xk be real. 



The torsion of V has to vanish and so we get (as in Theorem 4.2) 

QA3 = QXi = qX5 - (Q' + 1)A6 + Q. 

The compatibility with the metric g gives only one equation 

Aaa - A3(a + 5(3) - As/? - g^^Ag/? = 0. 

Hence there is a three parameter family of Levi-Civita connections. Moreover, we have 

V{r]) = (A2S + As + q'^Xe)q^'^"'r]mn ® Vnm. + (Ais + A3 + A4 + q^^QXe)Ti (E> 77 

for the bi-invariant element ry G F. That is, even if we require in addition that ^(rj) = Xrj ® r) for 
some A G C we do not get a unique Levi-Civita connection. 
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